ON SECTIONS OF HYPERELLIPTIC LEFSCHETZ FIBRATIONS 
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Abstract. We construct a relation among right-handed Dehn twists in the 
mapping class group of a compact oriented surface of genus g with Ag + 4 
boundary components. This relation gives an explicit topological description 
of Ag + 4 disjoint (— l)-sections of a hyperelliptic Lefschetz fibration of genus 
g on the manifold CP 2 #(4g - 



1. Introduction 

Lefschetz fibrations relate the topology of symplectic 4-manifolds to the combina- 
torics on relations in Dehn twist generators of mapping class groups of surfaces. It is 
well-known that a Lefschetz fibration of genus 1 on the manifold E(l) = CP 2 #9CP 
constructed by blowing up nine intersections of two generic cubics in CP has 
twelve singular fibers and nine disjoint (— l)-sections. Korkmaz and Ozbagci [7] 
constructed a relation among right-handed Dehn twists in the mapping class group 
of a torus with nine boundary components to locate a set of nine disjoint (— 1)- 
sections in a Kirby diagram of E(l). It is also known to algebraic geometers that a 

hyperelliptic Lefschetz fibration of genus g on the manifold X g = CP 2 #(4g + 5)CP 2 
has 8g + 4 singular fibers and 4<? + 4 disjoint (— l)-sections for g > 2 (cf. [10l Sect. 
3], see also [H Remark 1.1]). 

In this paper we construct a relation among right-handed Dehn twists in the 
mapping class group of a compact oriented surface of genus g with 4(7 + 4 boundary 
components to locate a set of Ag + 4 disjoint (— l)-sections in a Kirby diagram of 
X g . In the case g = 2, our relation is considered as an improvement of Onaran's 
relations [S] in mapping class groups of surfaces of genus two with at most eight 
boundary components. 

In Section 2 we review basic relations in mapping class groups and produce two 
relations on a torus with eight boundary components. Combining these relations, 
we construct a new relation on a surface of genus g with 4<?+4 boundary components 
in Section 3. In Section 4 we apply the relation to visualize 4g + 4 disjoint (— 1)- 
sections in a Kirby diagram of a hyperelliptic Lefschetz fibration of genus g. 

Several results of this paper are based on master's thesis of the author at Osaka 
University in February, 2011. 

2. Building blocks 

In this section we review basic relations in mapping class groups and produce 
two relations on a torus with boundary both used in the next section. 
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2.1. Basic relations in mapping class groups. Let S g r be a compact ori- 
ented surface of genus g with r boundary components and Diff+£ gir the group 
of orientation-preserving diffeomorphisms of fixing the boundary <9X gjI . point- 
wise equipped with C^-topology. The group 7ro(Diff + S Sir ) of path-components of 
Diff + E ffjI . is called the mapping class group of £ gir and we denote it by M g , r - We 
denote by T g , r the free group generated by all isotopy classes S g . r of simple closed 
curves in the interior of S Sjr . There is a natural epimorphism vj : F g>r — > -M g , r 
which sends (the isotopy class of) a simple closed curve a in the interior of S 9jr to 
the right-handed Dehn twist t a along a. We set lZ g , r := Ker w. 

A word in the generators S g ^ r is called positive if it includes no negative ex- 
ponents. We put w{c) ■= t% r r - ■ ■ t%\ (c) € S g , r for c S S g , r and W — a% T ■ ■ ■ a\ 1 £ 
F g ,r (ai, . . . , o r S 5g jr , ei, . . . ,£ r S {il})- We often denote a -1 by a for an element 
a of 5 gjr . For two words W\,Wi € we denote Wi = 14^2 if vj{W\) — vj(W2)- 

We recall definitions of basic relations in mapping class groups. 

Definition 2.1 (cf. [3]). (1) For disjoint simple closed curves a, b in the interior of 
E 9jr , we have a relation afe = ba in J-g^ called a commutativity relation. A regular 
neighborhood of a U 6 is the disjoint union of two annuli. 

(2) For simple closed curves a, b in the interior of E g r which intersect transversely 
at one point, we have a relation aba = bab in T g r called a braid relation. A regular 
neighborhood of a U b is a torus with one boundary component. 

(3) For simple closed curves a, a, 7, 61, 62, S3, 64 in the interior of S 9jr shown in 
Figure [TJ we have a relation Si 626364 = jaa in T g ^ r called a lantern relation. The 
union of Si, S2, S3, 64 bounds a sphere with four boundary components in E gi r- 

(4) An ordered n-tuple (ci,...,c„) of simple closed curves in the interior of 
is called a chain of length n if Ci and c,+i intersect transversely at one point 

(i = 1, . . . , n — 1) and other Ci and a, never intersect. For a chain (ci, . . . , C2 g +i) 
of length 2g + 1 on S ffi o 5 we have a relation (ci ■ • ■ C2 g +\C2 g +i ■ ■ ■ c\) 2 = 1 in T g $ 
called a hyperelliptic relation (cf. Figure [2|). 




Figure 1. Lantern relation 





Figure 2. Hyperelliptic relation 



Remark 2.2. Let a and b be simple closed curves in the interior of E ffjT . and c the 
simple closed curve 4(a) = b(a)- Then we have the relation c = bob in J" 9 , r - If a 
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and b intersect transversely at one point, we have another relation b = aca. This 
relation together with the relation c = bab yields a braid relation aba = bab. 

2.2. Two relations on a torus with boundary. In this subsection we construct 
two relations on a torus with eight boundary components. The first relation is the 
following. 

Proposition 2.3 (Relation A). For simple closed curves in the interior of Si g 
shown in Figure^ we have the relation 

aia 2 S 1 5 2 S 3 S4S 5 S 6 = a 5 a4b2a4aia4ai a 3 b 2 a 3 a2a 5 a 3 asb2a 8 a 3 o- 3 a 5 a 1 i. 




Figure 3. Relation A 

We make use of the five-holed torus relation found by Korkmaz and Ozbagci [7] 
in order to prove Proposition! 



Lemma 2.4 (Korkmaz-Ozbagci 7 1). For simple closed curves in the interior of 
£1,5 shown on the right in Figure^ we have the relation 



<5 2 <Jia27^3 = a5b2a3a4a5b20-ia 6 a 3 b 2 o-2a s . 




Figure 4. Five- holed torus relation 
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Proof of Proposition \2.3\ Applying commutativity relations and conjugations to 
the five-holed torus relation in Lemma \2A\ we obtain 

a 2 5\52hl = CL5b2a 3 a4a 5 b20- 1 a 6 a 3 b20- 2 as = a 8 b2a 8 a 8 a 3 a4a^b20-iaQa 3 b20- 2 a 5 

Multiplying both sides of this relation by 7, we have 

a2<5i<5 2 (53 = a s a 3 a 4: a 5 b2cria e a 3 b2cr2a5asb2a8l- 

We embed Si, 5 into Ei,6 and take simple closed curves at, ag, 84, 03 in the interior 
of Ei t 6 shown in Figure |4l Then we have a lantern relation 

£4010308 = 70309. 

Combining these relations and applying commutativity relations, we obtain 
a 8 a 3 a 1 a 2 8i8 2 8 3 84 = a 8 a 3 a4a 5 b20-ia 6 a 3 b20-2a 5 a 8 b 2 a 8 ^a 3 a g 
= a 8 a 3 0,40,5 b 2 <J\ 06 a 3 b 2 02 05 a 8 b 2 a 8 a 3 09 . 
Multiplying both sides of this relation by O3O8, we have a relation 
(Al) aia 2 8i8 2 8 3 84 = 04 o 5 b 2 <J\ 06 a 3 b 2 o- 2 a 5 a 8 b 2 a 8 a 3 a g 

on Ei, 6 . 

We change the name 82 of a curve in the relation (Al) into 7 (shown on the right 
in Figure [5]) and apply commutativity relations and conjugations to it to obtain 

aia 2 5i£ 3 <547 = a 4 0502010603 0202 05 as 02 030309 

= a 4 a 6 a 3 62 02 05 a 8 62 a 8 a 3 ag as 0462 04 ct\ . 
Multiplying both sides of this relation by 7, we have 

aia 2 0iO3<54 = 040603020205080208030905040204017. 




Figure 5. Embedding of £ lj6 into £1,7 (I) 



We embed Ei,6 into Ei,7 and take simple closed curves aio, 82, 05, 04 in the interior 
of Ei, 7 shown in Figure El Then we have a lantern relation 

5 2 S 5 a4a 6 = 7tT40io- 
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Combining these relations and applying commutativity relations, we obtain 
040^010261626^465 = 0406036202050^2060-309050462040-1770-4010 
= 0406036202050362030309050462040104010. 
Multiplying both sides of this relation by 0,50,4, we have a relation 
(A2) 040261626^465 = 036202050362030 30905046204010 4a w 

on Eij. 

We change the name a\ of a curve in the relation (A2) into 7 (shown on the right 
in Figure 6) and apply commutativity relations and conjugations to it to obtain 

a2(5i(5 2 <53<54^57 = a^^a^asha^aga^a^a^aia^aio 

= 0362030205030362030309050462040104010 
= a 3 b2a 3 a2a 5 a3a s b2a s a 3 (j 3 a3a 9 a 5 a4b2a4cr 1 (T4a w 
= a 3 a 9 a 5 a4b2a,4O 1 <j4a 10 a 3 b2a 3 <j2a 5 a 3 a 8 b2a, 8 a 3 o 3 . 
Multiplying both sides of this relation by 7, we have 

02<5i(52(53(54^5 = 0309050462040-1 0401003620302050303620303037. 




Figure 6. Embedding of Ei j7 into £i i8 (I) 

We embed £1,7 into Si,s and take simple closed curves ai, an, 6&, 05 in the interior 
of £13 shown in Figure El Then we have a lantern relation 

S e aia 3 a 9 = 705011. 

Combining these relations and applying commutativity relations, we obtain 

a 3 a9aia 2 o'ic)203cM5<56 = 030905046204 010401003620302050303620303037705011 

= 0309050462040-1 040100362030-20503036203030305011. 

Multiplying both sides of this relation by 0903, we finally obtain Relation A. This 
completes the proof of Proposition 12.31 □ 

The second relation constructed in this subsection is the following. 

Proposition 2.5 (Relation B). For simple closed curves in the interior of Ei j8 
shown in Figure^ we have the relation 

aia2arasSiS2S 3 S 4 = 040^0,^20^^20,^' V" ' a^a'la^a^a^aQTT" . 
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Figure 7. Relation B 

We make use of the four-holed torus relation found by Korkmaz and Ozbagci [7] 
in order to prove Proposition 12.51 

Lemma 2.6 (Korkmaz-Ozbagci 7 ). For simple closed curves in the interior of 
Si. 4 shown on the left in Figure we have the relation 

0201077 = (a 3 a 6 b 2 a4a 5 b2) 2 ■ 




Figure 8. Four- holed torus relation 

Proof of Proposition \2.5\ We consider the four-holed torus relation reviewed in 
Lemma [2.6l We then embed Si^ into Si ; 5 and take simple closed curves a' 5 , as, S\, r 
in the interior of Si ,5 shown in Figure |U Then we have a lantern relation 

5ia 8 a 6 a 5 = 7ra' 5 . 

Combining this relations with the four-holed torus relation, and applying commu- 
tativity relations and conjugations, we obtain a relation 

(Bl) aia 2 0708^i = a 5 a4a 5 b2a3a 6 b2a4a 5 b2a 3 a e b2 ; y ■ a 6 -fTa' 5 

= 046203056204056206036206x05 

= 04056206036206x050462030562 

on Ei,5. 
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FIGURE 9. Embedding of Ei i5 into Ei, 6 



We change the name a\ of a curve in the relation (Bl) into 7 (shown on the right 
in Figure [9]) to obtain 

We embed Si, 5 into Ei,e and take simple closed curves ai,a 4 ,02,T' in the interior 
of Si 6 shown in Figure [SJ Then we have a lantern relation 

a 4 a 3 a 1 S 2 = 7 T 'o 4 . 

Combining these relations and applying commutativity relations and conjugations, 
we obtain a relation 

(B2) aia 2 a7a8<5i<52 = 0404050206036206x0504620306027 ■ 0377-' ' a A 

= b 2 a e a3b2a3T'a' 4 a 5 b2a 6 a3b2a6Ta' 5 a4. 

on Si i6 . 




Figure 10. Embedding of Si j6 into Si j7 (II) 

We change the name as of a curve in the relation (B2) into 7 (shown on the right 
in Figure [TU]) to obtain 

ai02a77(5i(52 = 6206036203-7-' '04056206036206x0504. 
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We embed Si,6 into £1,7 and take simple closed curves a'l, as, S 3 , t" in the interior 
of £1,7 shown in Figure [TUl Then we have a lantern relation 

S 3 a 8 a e a' 5 = jr"a'^. 

Combining these relations and applying commutativity relations and conjugations, 
we obtain a relation 

(B3) a 1 a 2 a7asSi5 2 S3 = a^a^a^a?,^ a^a^aQa^asTa^a^ ■ cl'^t" a'l 

= a 6 b 2 a e a 3 b2a 3 T' a' 4 a 5 b2a 6 a 3 b2a 6 TT" a4a'^ 
= b2a 3 a§b2aQTT" aia'la^asa^azT 1 a'^az,. 




Figure 11. Embedding of £i )7 into £i j8 (II) 

We change the name a± of a curve in the relation (B3) into 7 (shown on the right 
in Figure ITTT) to obtain 

r ya2a 7 a s Si82S 3 = b2a 3 a e b2a 6 TT" a4a'^a e b2a e a 3 b2a 3 T' a'4a 5 . 

We embed £1,7 into £1^ and take simple closed curves a\, a 4 ', 64, r'" in the interior 
of £i ; 8 shown in Figure [TT1 Then we have a lantern relation 

r / III // 

Combining these relations and applying commutativity relations and conjugations, 
we finally obtain Relation B: 

aia2O7a8<5i0203d"4 = a 3 b2a 3 a§b2a§Tr'' a4a^a§b2a§a 3 b2a 3 r a\a^ ■ <x 4 7T a 4 

= d 3 b2a 3 a 6 b2a 6 TT ,/ a4a'J ) a e b2a e a 3 b2a 3 T'T / ' / a 5 a 4 

= a 4 a 6 6 2 a 6 a 3 6 2 S3 T ' ' T '" ' a 5 a" a 3 6 2 ^3 a 6 ^2 a6 tt" . 

This completes the proof of Proposition 12.51 □ 

Remark 2.7. Both of Relations A and B are different from the eight- holed torus 
relation of Korkmaz and Ozbagci 7; though the constructions are similar. 

3. Constructions 

In this section we construct a new relation on a compact oriented surface of 
genus g with 4<? + 4 boundary components by combining copies of Relations A and 
B obtained in the previous section. 
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3.1. Higher genus. We assume g > 3. For integers m, n (0 < in < n) and 
words W m , Wm+t, . . . , W n € Fg,n we denote the product W m W m +i ■ • • W n (resp. 
W„ ■ • • W m+1 W m ) by nr= m W< (resp. Utn W<)- 

Theorem 3.1 (Relation H g ). For simple closed curves in the interior of S ffj 4 g+ 4 
shown in Figure [Tg| we Ziawe i/ie relation 

i 

5iS 2 ■ ■ ■ S4g +3 5 4g+4 ee Y[ P'" Pi T 'i-i T i-i ■ ^Wi a 3g+3i3W 2 ai/3"a' 3 a' 5 

i—g-l 
9-1 

' JX Pi fifa-lTi-l ■ f3gO-lO-4a3g(3gO-2a3g-lf3gO- 3 0- 5 

i=2 

in M gAa+i , where ft := a3g+4 {bi), ft := 03 (&i) } ft' := a 3s+5 a 3 (&i)> ft := a 3g+1 ( b g), 

fig := a 3g _ 3 (^g)) Pg '■= a 3 g_ 3 a 3s+2 (^g)> ft : ~ a 3i _ 3 (^i)j ft : ~ a 3i (^j); ft : ~ 53.-3 (^i) 

and ft" :=a*(&i) (i = 2, ...,<?- 1). 




Figure 12. Relation H s for g > 3 

Proof. We combine two copies of Relation A and g — 2 copies of Relation B to 
obtain the desired relation. We first consider two relations for simple closed curves 
shown in Figure [T3] One is a copy of Relation A: 

a'^S^S^S^e ee a 1 a 2 a3 ff+ 46ia3 g+ 4CTio- 4 a3 g+ 3a 3 6 1 a30'2aia3a3 g +5^ia3 ff +5a30'3 cr 5 

oil ol I oil I I 

= aia2Pio- 1 o- i a 3g+3 p 1 o- 2 a 1 p 1 a 3 a 5 . 
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Note that j3\ = a 3g+ 4bia 3g+ 4, (3[ = 036103 and ft" = a 3g+5 a 3 bia 3 a 3g+ 5 by Remark 
21 The other is a copy of Relation B: 

a 1 a 2 a' 7 a 8 8'j8 s ,5' 3 5 w = a 5 a' 4 a 3 b 2 a 3 a 6 b2a 6 T 1 T[' a4a' 5 a 6 b2a 6 a 3 b2a 3 T[Ti' . 



; 

A. 


@ // 
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FIGURE 13. Relations A and B 
We embed two copies of Si s in Figure [13] into £2,12 as shown in Figure [T4l 




Figure 14. Embeddings of two copies of E^g into £2,12 (I) 

Combining these relations and applying commutativity relations and conjugations, 
we obtain a relation 

(C2) a' 7 a 8 5i525 3 545 5 5 6 5 7 5$5 g 6 w 

= a 5 0405 a' 4 a 3 b 2 a 3 a 6 b 2 a 6 T\ t" 04 a' 5 a e b 2 a 6 a 3 6 2 a 3 t[ t[" a\ a 2 

■ aia 2 l3ia[o i a 3g+3 [l' 1 02aiP"(J 3 <j' 5 

= a 3 b 2 a 3 a 6 b2a 6 T 1 T['a4a' 5 a 6 b 2 a 6 a 3 b2a 3 T' 1 T"' ■ /3i<T , 1 a' i a3 g+ a0' 1 a' 2 ail3"a 3 a' s 

= a4a 5 a 6 b2a 6 a 3 b2a 3 T[T" / ■ /3ia[a' 4 a3 g +3P[a 2 ail3"a 3 a' 5 ■ a 3 b 2 a 3 a§b2a & TiT" . 

We next consider the relation (C2) and another copy of Relation B for simple 
closed curves shown in Figure [TS] 

a,4a' 5 a / 10 a 1 iSi 1 5 1 25 13 5 1 4 = a 7 a' 8 a 9 b 3 a 9 a 6 b 3 a 6 T2T2" ' a 8 a' 7 a 6 b 3 a 6 a 9 b 3 a 9 T2T2 ■ 
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Figure 15. Another Relation B 



We embed £2,12 m Figure [141 and £1,3 in Figure H"5l into £3,16 as shown in Figure 




FIGURE 16. Embeddings of £2,12 and £i, 8 into £3,16 



Combining these relations and applying commutativity relations and conjugations, 

we obtain a relation 

(C3) 

= a' 7 a s asa' 7 aeb3a 6 agb3agT2T2a7a' 8 agb3aga 6 b 3 aeT2T2'a,4a' 5 ■ a^a'^a^aQa^a^T"' 

■ Pia^a'^g+^P'^aifi^a^a^ ■ a 3 b 2 a 3 a 6 b 2 a 6 TiT" 

= a 6 b 3 a e a 9 b 3 agT2T2a 7 a' 8 agb 3 aga 6 b 3 a 6 T2T 2 " ■ a^aQa^a^r"' 

■ Piax u '<i a Z9+zPi IJ 2 a iPi cr W5 " a 3 b2a 3 a e b 2 a e TiT" 
= a 7 a' s agb 3 aga 6 b 3 a 6 T2T 2 " ■ a^aQa^a^r"' 

■ Pi<yWi a ig+ , iPi (J 2 a iPi (J Wz " a 3 b2a 3 a e b 2 a e TiT" ■ a e b 3 a e a 9 b 3 a 9 T2T2 ■ 



We repeat similar procedures by making use of g — 4 copies of Relation B: 

a 3i-5fl3i_4a3i+l 03i+2^4i-l<54i<54i+1^4i+2 
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= o.3i-2a' 3i _ia3ibia3ia3i-3bia3i-3T-_ 1 T-'^ 1 ■ a3i-ia 3i _ 2 a3i-3bia3i-3a3ibiasiTi-iT i _ 1 
for i = 4, . . . , g — 1 to obtain relations (C4), (C5), • • • , and 

- 1)) a 3g - 2 a3g-l5l5 2 ■ ■ ■ <S 4g _ 3 (54 g _2 
2 

= fl3ff-5 a 3s-4 ]Q S3,^, c t3,* a 3j_36ia3i_3Tj-_ 1 r i '^ 1 



»=S— 1 



9-1 



3iO'io'4a3 g+ 3^(T2 a l^" cr 3 cr 5 ' H d3i-3&ia3i-3«3i&i«3jTi-lT,'ii 



i=2 



for simple closed curves on E g _i : 4 g shown in Figure [TT1 




«3g-2 



Figure 17. Relation (C(.g - 1)) 

We finally consider the other copy of Relation A for simple closed curves shown 
in Figure IT£1 

a 3ff-5tt 3g _4(54 £ ,_i(54 s 54 £ ,+i(54 g +2i54g+3 ( 54g+4 

= a 3g _2a3 g _i/3 g CTiCT4a 3g /3 g CT2a3 g _i/? g c73C75. 

Note that j3 g = a 3g+ i& g a 3g+ i, P' g = a 3g _ 3 6 g a 3g _ 3 and^ g = a 3g _ 3 a 3g+2 b g a3 g +2»3 S -3 
by Remark [2?2l We embed E s -i,4 g in Figure [T71 and E^g in Figure fT8l into E ff: 4 g +4 
as shown in Figure Q21 
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/ b s 










°3s-2 ^ 



Figure 18. The other Relation A 

Combining these relations and applying commutativity relations and conjugations, 
we obtain Relation R g . Note that Pi = 03^-36^31-3, p[ = asi&jaai, P" = 031-36*03^-3 
and j3"' = asibiazi (i = 2, . . . ,g — 1) by Remark 12.21 Thus we complete the proof 
of Theorem O □ 

3.2. Genus two. In this subsection we construct a relation on £2.12 similar to 
relations constructed in the previous subsection. 

Theorem 3.2 (Relation H2). For simple closed curves in the interior of £2,12 
shown in Figure [751 we have the relation 

818283848586878889810811812 = PiG^a^ai^P'^aiP'la^a'^P^aia^ai^P^U'ia^P'lGza^ 

in M.2,12, where Pi := aa (6i), /3J := a 3 (6i), P'{ := Q3 a 9 (6i), $2 := 04(62), /? 2 : = 
a 3 (6 2 ) and P' 2 ' := a 3 a 8 (62). 




Figure 19. Embeddings of two copies of Si j8 into £2,12 (II) 

Proof. We hrst consider two copies of Relation A for simple closed curves shown in 
Figure [201 

a 5 a 14 (5 7 (5 8 (5g(5io5ii(5i2 = a 15 a 1 p 1 G[a' i a 1 3P' l o- 2 a -i-Pi CF W5 
0,10158182838 ±8585 = a 1 4a 5 p 2 a 1 a4a 1 2P 2 o-2a5P20'3 '5- 
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Note that f3i = 026102, /3[ = 036103, (3'{ = 0309610903, /?2 = 046204, (3' 2 = 036203 
and /3 2 ' = 0303620803 by Remark 12.21 




Figure 20. Two copies of Relation A 

Combining these relations and applying commutativity relations and conjugations, 
we obtain Relation H2 . Thus we complete the proof of Theorem 13.21 □ 

4. Sections of Lefschetz fibrations 

In this section we show that the relation constructed in the previous section gives 
an explicit topological description of 4^ + 4 disjoint (— l)-sections of a hyperelliptic 
Lefschetz fibration of genus g on the manifold CP 2 #(4 5 + 5)CP . 

We begin with a definition of Lefschetz fibrations (cf. jS], [1]). 

Definition 4.1. Let M be a closed oriented smooth 4-manifold. A smooth map 
/ : M — > S 2 is called a Lefschetz fibration of genus g if it satisfies the following 
conditions: 

(i) / has finitely many critical values 61 , . . . , 6„ £ S 2 and / is a smooth fiber 
bundle over S 2 — {61, . . . , 6„} with fiber S Sl o; 

(ii) for each i (i = 1, . . . , n), there exists a unique critical point pi in the singular 
fiber / -1 (6.;) such that / is locally written as f{z\, z 2 ) = zf+z% with respect to some 
local complex coordinates around pi and bi which are compatible with orientations 
of M and S 2 ; 

(iii) no fiber contains a (— l)-sphcre. 

Remark 4.2. We always assume that a Lefschetz fibration is relatively minimal, it 
has at most one critical point on each fiber, and the genus of the base is equal to 
zero. A more general definition can be found in [51 Chapter 8]. 

Suppose that g > 2. According to theorems of Kas and Matsumoto, there exists a 
one-to-one correspondence between the isomorphism classes of Lefschetz fibrations 
and the equivalence classes of positive relators modulo simultaneous conjugations 

Cl C„ ~ w(ci) w(Cn), 

and elementary transformations 

ci Ci ■ Ci+i c n ~ ci Ci+i ■ c -i i (a) c„, 

Cl C^ Ci-|_i C n ^ C\ Ci (Cj_)_i) Cj c n , 
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where c\ ■ ■ ■ c n G T?-g,o is a positive relator in the generators iS fli o and W G Fg,o- This 
correspondence is described by using the holonomy (or monodromy) homomorphism 
induced by the classifying map of / restricted on S 2 — {61, . . . , 6 n } (cf. [5], [1]). 

Definition 4.3. Let / : M — > S 2 be a Lefschetz fibration of genus g. A smooth 
map s : S 2 — > M is called a section of / if it satisfies / o s = idg2 . A section s of / 
is an embedding of S 2 into M. The self-intersection number of the homology class 
s*([5 2 ]) G H2(M; Z) is called the self-intersection number of s. A section of / with 
self-intersection number k is often called a k-section. 

For a positive integer r, we attach r disks to the boundary components of £ s r 
to obtain a closed surface E s and an embedding E ffiT . c — > S g - This embedding 
induces a natural commutative diagram 

1 ► 7^ ff ,r > -^s.r — > Mg, r > 1 



1 > Kgfi > Fgfl > Mgfi > 1, 

where two horizontal sequences are exact. If two words W\ and W 2 in J- gr satisfy 
Wi = W 2 , then we have X(Wi) — X(W 2 ) in J- g ,o- In this case we call the relation 
W x = W2 is a of the relation A(Wi) = A(W 2 ). 

Lemma 4.4 (cf. p], [2], [II])- Let f : M — ► S 2 be a Lefschetz fibration of genus g 
and C\ ■ ■ • c„ G Ttg.o o positive relator corresponding to f . Suppose that there exists 
a relation a\ ■ ■ ■ a n = S^ 1 ■ ■ ■ 5* r (oi, . . . , a„ G S 3lT , ki, . . . , k r > 0) in J- g . r which is 
a lift of the relation c\ ■ ■ ■ c„ = 1 in Fgfi, where Si, . . . , S r are simple closed curves 
parallel to the boundary components of S 9ir . Then f admits disjoint r sections 
si, . . . , s r : S 2 — > M with self-intersection number —k\, . . . , — k r , respectively. 

For a chain (ci, . . . , C2 9 +i) of length 2g+l on E Sj o, we obtain a Lefschetz fibration 
X g — > S 2 of genus g associated to the hyperelliptic relation (ci • • • C2 S +iC2 g +i • • • ci) 2 
= 1 in J-gfl. The total space X g of this fibration is known to be diffeomorphic to 

CP 2 #(4 5 + 5)CP 2 (cf. @], 0). 

We denote the positive word on the right-hand side of Relation H s by U g for g > 
2. We consider the above embedding E 9)t . E g ,o and the commutative diagram 
for r = 4<? + 4. By Theorems 13.11 and 13.21 Relation H g : J7 S = 5i(52 • ■ • <54 S +3^4 S +4 in 
^,4^+4 is a lift of the relation X(U g ) = 1 in o- This implies that the Lefschetz 
fibration Y g — > S 2 of genus g associated to the relation X(U g ) = 1 admits disjoint 
4(7 + 4 sections with self-intersection number — 1 by virtue of Lemma 14.41 

Theorem 4.5. Two Lefschetz fibrations X g and Y g are isomorphic to each other. 

Proof. Suppose that g > 3. We set ci := A(ai), c 2g +i := A(a3 a _i), c-n '■= A(6j) (i = 
1, ■ • ■ ,g), c 2i+ i := A(a 3i ) (i = 1, . . . ,g- 1). Since (01,61,03,62, • • ■ , a 3g _ 3 , 6 g , a 3s _i) 
is a chain of length 2g + 1 on E 9j 4 g+ 4, (ci, C2, c 3 , C4, . . . , C2 9 -i, C2 9 , C2 9 +i) is a chain 
of length 2g + l on E g ,o- It is easily seen from Figure [T2] that A(a 3g+3 ) = A(a 3g+ 4) = 
A(a 3g+5 ) = X(a[) = X(a' 4 ) = c x , A(a 3g ) = A(a 3g+ i) = A(a 3ff+2 ) = A(cr x ) = A(cr 4 ) = 
C2 fl +1, A(cr 2 ) = A(cr 3 ) = A(cr^) = C 3 , A(cr 2 ) = A(ct 3 ) = A(cr 5 ) = C 2fl -1, A(r/_i) = 
H T i-i) = C2i-i, A(r»_i) = A(r J '^ 1 ) = c 2 i+i (i = 2, . . . , g - 1). Hence we obtain 
2 

A(^s) = II (e2,+ l(c2i)c 2l - 1 (c 2l ) • (|i_l) • C1 (C 2 ) • cf -03(02) • C 3 Cl •C 1 C 3 (C2) ' C 3 
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i=2 

' c 2g+ i( c 2g) ' c 2g+l ' c 2 g-i( c 2g) ' C 2g _iC 2g+1 ' c 2g _ic 2g+ i ( c 2g) ' c 2g-l' 

We now prove that X(U g ) <~ (ci • • • c 2g +ic 2g +i • • • ci) 2 for g > 3. Applying ele- 
mentary transformations (including cyclic permutations), we obtain the following 
sequence of equivalences. 



'gj 

2 



KUg) 

Qig-1 ■ \\ (c 2l+ i(c2 l ) ' C 2j _lC2iC 2l _l) • CiC2C 2 C 3 C 2 CiC3 • Cl (c 2 ) • C 3 
i=g-l 

9-1 

' JJ(c2 4 -i(C2i) • c 2m c 2j c 2i+ i) ' C2g+lC2gC 2 g + lC2g-lC2gC2g+lC2g-l ' c 2g + l 

i=2 
2 

ll ( C2 »+i ' e 2 ,+i ( c 2j) ' C 2i _lC 2i ) • C 3 ClC 2 C 2 C 3 C 2 ClC 3 • Cl (c 2 ) 

»=fl— 1 

9-1 

' C2g-lC2g+lC2gC 2 g + iC2g-lC2gC2g+lC2g-l ■ c 2g +i 

i=2 

2 

ClC 2 g+l • j [ C 2i C 2 j + iC 2 j_iC 2j • c 3 c 2 c 2 c 3 c 2 cic 3 • Cl (c 2 ) 
*=9-l 

9-1 

' Y\_ c 2i c 2i-lC2i+l c 2i • C2g-lC2gC^ g+l C2g-\C2gC2g+\C2g-l ■ c 2g+ i(c 2ff ) 
i=2 
3 

I I CjCj+1 • C 3 C 2 C 2 C 3 C 2 CiC 3 • Cl (c 2 ) • Ci 
i=2g-2 
2g-2 

• C i+l°t ■ C2g-lC 2 gC?, g + 1 C2g-lC2gC2g + 1 C2g-l " C 2g+1 (c 2g ) " C 2g + 1 

i=3 
3 

| J CjC i+ i • c 3 c 2 c 3 c 2 c 2 c 2 c 3 c 2 

i=2g-2 
2g-2 

' Y\_ C i+l C i ' c 2g-l c 2gC 2 g_iC 2g+1 C 2 gC 2 g + iC 29 _iC 29+ iC 2 g 
i=3 
3 

] [ CjC i+ l • C 2 C 3 C 2 ClC 2 ClC 2 ClC 3 C 2 
i=2g-2 
2g-2 

' Y\_ C i+l°i ' c 2g c 2g-lC2gC 2g+ iC 2g C 2g+ iC 2g C 29+ iC 2g _iC 2g 
i=3 

2 2g-l 

j [ CjCj+i • cic 2 cicic 2 ci • JJ Cj+iCj • c 2g+ ic 2g c 2g+ ic 2g+ ic 2g c 2g+ ic 2g _ic 2g 

i=2g-2 i=2 
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1 2g 

~ C2gC2g + lC2g-lC 2 g ■ JJ ■ C\C\ ■ Cj+lCj ■ C 2g + lC 2 g + l 

i=2g-2 i=l 
1 2g 11 2g+l 2g+l 

~ c;Ci+i ■ cici ■ , ,(•', ■ c 2 g + ic 2 g + i ~ |~[ Cj • j~[ c, • JJ c, • JJ Cj 

j=2g i=l i=2g+l i=2g+l i=l i=l 

2g+l 1 2g+l 1 

- }{<'>■ H c » • H Ci ' H c » = (ci'--C2g+lC2g+l"-Cl) 2 . 
i=l i=2g+l i=l i=2g+l 

Suppose that g — 2. We set ci := A(ai), c 2 := A(6i), C3 := A(a 3 ), C4 := A(&2), C5 := 
A(as). Since (a 4 , b±, 03, 62, 05) is a chain of length 5 on £2,12, (21,02,03,04,05) is a 
chain of length 5 on £2,0- It is easily seen from Figure [15] that X(a 2 ) — A(ag) = 
A(ai 3 ) = A(cri) = \{a' A ) = c\, A(a 4 ) = A(a 8 ) = A(oi 2 ) = A(oi) = A(cr 4 ) = c 5 , 
A(o"2) = A(o-g) = A(cTg) = A((T2) = A((T 3 ) = A((75) = c 3 . Hence we obtain 

A(J7 2 ) = Cl (c 2 ) • • C3 (c 2 ) • c 3 ci ■ C3Cl (c 2 ) ■ c\ ■ C5 (c 4 ) • c\ ■ C3 (c 4 ) ■ C3C5 ■ C3C5 (c 4 ) • c 2 . 

We now prove that X(U 2 ) ~ (ciC2C3C 4 C5Csc 4 C3C2Ci) 2 . Applying elementary trans- 
formations (including cyclic permutations), we obtain the following sequence of 
equivalences. 

\{U 2 ) — CiC 2 C 2 C 3 C2CiC3 • Cl (c 2 ) • C 3 ■ C 5 Ciclc3C4C 5 C 3 ■ C5 (c 4 ) ■ C 3 
~ C 5 C 2 C 2 C3C2CiC3 • Cl (c 2 ) • C 3 • C 4 C 2 C3C4C 5 C3 • c 5 (c 4 ) • C3C1 
~ C2C1C3C2C1C3 • Cl (c 2 ) • C1C3 • C^c\c 3 C^C 3 ■ C5 (c 4 ) • C3C5 

~ c 2 clc 3 c 2 cic 3 cic 2 c 3 ■ c a c 2 5 c 3 cac^c 3 ■ C5 (c 4 ) • C 5 C 3 

~ C2C 2 C 3 C2CiC 3 CiC2C3C 4 C 2 C3C4C5C3C 5 C 4 C 3 

~ CiC 3 C2C 3 CiCiC2C 3 C 4 C3C 2 C 4 C5C3C5C4C 3 C2Ci 

~ CiC2C3C2CiCiC2C 4 C3C 4 C 2 C 4 C5C3C5C4C 3 C2Ci 

~ CiC2C3C 4 C2CiCiC2C3C 4 C 5 C 4 C5C 4 C3C5C 4 C 3 C2Ci 

~ CiC2C 3 C4C2CiCiC2C3C5C4C5C5C 4 C3C 5 C 4 C 3 C2Ci 

~ CiC2C3C4C 5 C2CiCiC2C3C4C5C5C 4 C3C5C 4 C3C2Ci 

~ CiC2C3C4C5C5C 4 C3C5C 4 C3C2CiCiC2C 3 C 4 C 5 C2Ci 

~ CiC2C 3 C4C5C 5 C 4 C3C2CiCiC2C3C 4 C 5 C 5 C 4 C 3 C2Ci 

= (ciC2C3C4C 5 C5C 4 C 3 C2Ci) 2 . 

This completes the proof of Theorem 14. 71 □ 
The next corollary immediately follows from the theorem. 

Corollary 4.6. The Lefschetz fibration X g — > S 2 of genus g associated to the 
hyperelliptic relation admits disjoint Ag + 4 sections with self-intersection number 
-1. 

By virtue of Theorem 13.21 we can even depict disjoint twelve sections of the 
Lefschetz fibration Y 2 — > S 2 in a Kirby diagram of Y 2 — vF, where vF is an open 
fibered neighborhood of a regular fiber of Y 2 (ci. [7j Sect. 4]). We first construct 
a handle decomposition of £2,0 X D 2 with one 0-handle, four 1-handles, and one 
2-handlc with framing from a fixed handle decomposition of £2.0- We then attach 
twenty 2-handles to £2,0 x D 2 along the simple closed curves /3 4 , a' lt cr' 4 , 013, f}[, 
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02, ai, f3", a' 3 , 05, /?2, ci, (74, Oi2) /?2> °2, »5, /3 2 ', 03, (T5 (cf. Figure [19]) on different 
fibers of £2,0 X S 1 — > S" 1 with framing one less than the product framing of £2,0 X -S 1 
to obtain a handle decomposition of Y% — vF . Thus we have a Kirby diagram of 
Yi — vF shown in Figure 1211 The framing coefficient of every component of the 
link but one with framing is equal to —1. Twelve disjoint sections coming from 
the simple closed curves 8\ , . . . , 812 are represented by twelve unknots transverse 
to each fiber of the fibration £2.0 x S 1 —> S 1 and meeting a fiber at twelve points 
indicated by encircled numbers 1, . . . , 12 in Figure [2U Attaching a 2-handle with 
framing —1 along any one of the twelve unknots together with four 3-handles and 
a 4-handle to Y2 — vF : we have a handle decomposition of the closed manifold Yi- 





Figure 21. A Kirby diagram of Y 2 - vF 



By virtue of Theorem 13.11 we can also depict disjoint 4<? + 4 sections of the 
Lefschetz fibration Y g — > S 2 in a Kirby diagram of Y g — vF for g > 3 in a similar 
way. 

The following proposition implies that the largest possible number of disjoint 
(— l)-sections of X g — > S 2 is equal to 4g + 4 for most g. 

Proposition 4.7. If g is not equal to k 2 + k — 1 for any positive integer k, then 
the Lefschetz fibration X g — > S 2 cannot admit disjoint 4<? + 5 sections with self- 
intersection number — 1, 

Proof. Suppose that the Lefschetz fibration X g —¥ S 2 admits disjoint 4g + 5 sections 
81,..., S4 g +5 with self-intersection number — 1. The orientation of S 2 induces that 
of Si := Si(S 2 ) for i = 1, ...,4g + 5. We orient a regular fiber F of X g so that 
it satisfies [F] ■ [Si] = +1 for i = 1, . . . , 4g + 5. Blowing down the (— l)-spheres 
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Si, ... , in X g , we obtain a 4- manifold X' and the image F' of F under 

the projection X g -> X' . Since [F] = [F'] - [Si] [Si g + 5 ] in H 2 {X g :Z) = 

H 2 (X';Z) © {Ag + 5)i/ 2 (CP 2 ;Z) and [F] 2 = 0, we have [F'] 2 = Ag + 5. On the 
other hand, [F'} 2 must be the square of an integer because [F') is a multiple of a 
generator of Hq^X'; Z) = Z. It is easy to see that Ag + 5 is the square of an integer 
if and only if g is equal to k 2 + k — 1 for some positive integer k. □ 

Remark 4.8. Two generic degree d curves in CP 2 induce a Lefschetz pencil of genus 
[d— l)(d— 2)/2. Blowing up the base locus, we obtain a Lefschetz fibration Md — ► 5 2 
of the same genus. This fibration has d 2 sections with self-intersection number —1 
and the total space Md is diffeomorphic to CP 2 #d 2 CP . It is well-known that the 
fibration M3 — > S 2 is isomorphic to X\ — > S 2 , whereas the fibration Md — > 5* 2 for 
d > 4 cannot be isomorphic to X s — >• 5 2 for any g. 
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